6.6 Parallel and Perpendicular Lines

Now that we have talked about lines in general, we want to talk about a couple of ways that lines
can interact with each other.

Definition:

Parallel lines- Two lines that never intersect/

Perpendicular lines- Two lines that intersect at a right (900) angle

The most important thing you need to know about parallel and perpendicular lines is that the
relationship between parallel lines is a relationship between the slope of the lines, and the same
goes for perpendicular lines.

Slopes of Parallel Lines

Two lines are parallel if and only if they have the exact same slope.

For example if the slope of one of the lines is -2, then the slope of the other one has to be -2.

This property is fairly easy to understand why it is true. Remember that the slope of a line
represents the steepness of the line. So, if two lines are parallel, they would have to have the
same steepness, otherwise they would eventually intersect, making them no longer parallel by
definition.

On the other hand, perpendicular lines are a bit more complicated.

Slopes of Perpendicular Lines

Two lines are perpendicular if and only if their slopes are opposite-reciprocals.

That means, to go from the slope of one line to its perpendicular line, you need to change the
sign (opposite) and flip it upside down (reciprocal).

For example, if the slope of one of the lines is -2, then the other line must have a slope of % or if
a line has a slope of g then the perpendicular slope would be —g.

The reason for this relationship is a little involved, but the rough idea can be explained with
looking at how the slopes of two perpendicular lines would change if you alter the slope of one of
the lines.

For example, say we had the following perpendicular lines

Iy I,




The first thing we should notice is that clearly is that I, has a positive slope and yet |, has a
negative slope. That is why we have the “opposite” part of the opposite-reciprocals.

Next, let’s say we “flatten” out I, , thereby making its slope smaller. What happens then is, in

order to keep the lines perpendicular, we would have to make I; more steep, that is, making the
slope larger.

1 I I,

This idea of one value increasing while another is decreasing is a reciprocal relationship.
So, this is why the slope relationship between perpendicular lines is opposite-reciprocal.

Let's begin with a couple of simple examples to get these ideas down.

Example 1:
a.lsy=-2x-3 paralleltoy =-2x + 3? b. Is 5x — 3y = 6 perpendicular to 3x + 5y = 27?
Solution:
a. |If figure out if two lines are parallel, we need to find and compare the slopes of the lines.
The easiest way to find the slope of a line, when we are given the equation of the line, is
to put the equation into slope intercept form and simply read the slope off.

Notice, y =-2x - 3 and y = -2x + 3 are both already in slope intercept form. So clearly,
the slope of the first line is -2 and the slope of the second line is also -2.

Since the slopes are the same, the lines must be parallel.

b. Justlike in part a, the best way to determine if the lines are perpendicular is to put the
equations in slope intercept form and read off the slopes. So we proceed as follows

5x -3y =6 3x +5y =2

—5x — 5x —3x - 3x
By _Sx 6 Sy _3x .2
-3 o33 5 5,5,
y=3x-2 y=—gxts

So the slope of the first line is g and the slope of the second line is —S. Therefore, since
the slopes have opposite signs and are reciprocals, the lines must be perpendicular.

Example 2:

Are 2x — 4y = 3 and 2x + 4y = -3 parallel, perpendicular or neither?

Solution:
As in Example 1, we need to determine the slopes of the given lines in order to determine
if they are parallel, perpendicular or neither. So we will get the equations into slope-
intercept form.



2x —4y =3 2x +4y = -3

—2x —2x —2x —2x
-4y _ —2x 3 4y _ —2x 3
-4 -4 -4 4 4 4
_1,_3 —_1,_3
Y =3 4 y=-3 4

So the slope of the first line is % and the slope of the second line is —%. Since the slopes

are not exactly the same, the lines are not parallel. Also, even though the slopes are
opposites, they are not reciprocals. Therefore, the lines are also not perpendicular.

This means the lines are neither parallel nor perpendicular. So the answer is neither.

Now that we have a sense of how the slopes of parallel and perpendicular lines are related, let’s
try some more challenging examples which combine the ideas of 6.5 with parallel and
perpendicular lines.

Example 3:

Find the equation of the line containing (3, 2) and parallel to 3x +y = -3.

Solution:
In this example, we are given a line and a point upon which we want to construct a line
parallel to the given line. As always in parallel lines, this means that the line must have
the same slope as the given line. So, we will begin by finding the slope of the line given
by getting it into slope-intercept form.

3x+y=-3
—3x —3x
y=-3x-3

So, the slope of the line is -3. Since we want the line parallel, then the slope of the line
we are trying to find is also -3.

Just like we did in section 6.5, we can label the point (3, 2) as (X3, y1) and use the point-
slope form to find our equation.

y—Y1=m (X—Xq)

y—2=-3(x—3)

y—2=-3x+9

+3x + 3x
3x+y—2=9
+2 +2
3x+y=11

So the line parallel has an equation 3x +y = 11.

Example 4:

Find the equation of the line perpendicular to 2x + 4y = -1 containing (-1,3).

Solution:
Just like we did in Example 3, we will start by finding the slope of the line that we are
given.



—2x —2x
4y —2x 1
4 4 4
1 1
Y=g

So the slope is — % . Since, this time, we are looking for the line perpendicular, we need
to change the sign and flip upside down the slope of the given line. That means the
slope we want to use is 2 (opposite-reciprocal of — %2 ).

Now we simply use the point-slope form as we did in Example 3.

Yy=Yy1=m (X=Xg)
y—3=2(x—-(-1))

y—3=2x+2
-y -y
—3=2x—y+2
-2 -2

2x—y=-5

So the line perpendicular has an equation 2x - y = - 5.
Example 5:
Find the equation of the line perpendicular to 4x — y = 8 with y-intercept of -1.

Solution:
Lastly, just like the other examples, we will begin by getting the slope of the given line.

4x —y =8
—4x —4x
-y —4x 8
1T o1 T
y=4x—8

So the slope of the given line is 4. As in Example 4, we want the line perpendicular. This
means we want the opposite-reciprocal of 4. So we change the sign and flip it upside
down to get — ¥ . So the slope we will use is - % .

Notice, this time they did not give us a point for use in the point-slope form. However, we

know that the y-intercept of -1 means that the graph must go through the point (0, -1), So
we can use this with our slope to find the equation as follows.

y—y1=m(i<—x1)
y—(-1) =_Z(x_°)

4(y+1) = 4(—1x>

4
4y +4 = —x
+x +x
x+4y+4=0
-4 -4
x+4y =—4

So the equation of the line perpendicular is x + 4y = -4,



6.6 Exercises

Determine if the two lines are parallel.

4 2
1. =——X+2 2. =—X-3 3.
y 5 y 3
4 2
=—Xx-3 =—x+1
y 5 y 3
4. 3x+4y=8 5x+y=4 6.
-12x -9y =27 —-15x+3y =9

7. The line passing through the points (2, 5) ( )

The line passing through the points (4, 3) ( )

8. The line passing through the points

6,
The line passing through the points (2,— 1) and ( )

9. The line passing through the points (5,— 2) (
The line passing through the points (3,~4) and (7,-3)

10. The line passing through the points ( 2,1) and (4,3
The line passing through the points (3,—2) and (5,—1).

(
(
(7,3) and ( )
(
(

and

3-4).

)

Determine if the two given lines are perpendicular.

1
11, y=——X+2
Y 4
y=4x-3

14. 3x-2y =4
6x+9y =18

1
==X+7 13.
Y 3
y=3x-3
4x -5y =10 16.
20x+16y =0

17. The line passing through the points (4,—3) and (6,2).
The line passing through the points (3,-2) and (13,2).

18. The line passing through the points 2,7)
The line passing through the points (6, 4) and (

19. The line passing through the points

and ( )
-5).

2,
2

The line passing through the points (4, ) and ( )

(
(-1,-4) and (2,2).
(

20. The line passing through the points 7,) and ( )
The line passing through the points (5,2) and (5,-3).

2x+3y =9

—4x-6y =12

2x—-3y=6
6x—-9y=-9

OX—-y=7
2x—-10y =20

X—-3y=06
X-y=2



Are the two given lines are parallel, perpendicular, or neither?

21. y=§x+2 22. y=2x-3 23.
5
y=—-x-1 y=2x+1
3
24. Yy =5X+2 25. 2x+3y =9 26.
5y =—-x+20 4x+6y =12
27. 4x+4y =18 28. 0.7x+0.1y =500
3X-2y=4 y:—%x—3

29. The line passing through the points (7,6) and (4,3).

The line passing through the points (4, 5) and (2, 7).
30. The line passing through the points (5, 2) and
The line passing through the points( 3,5) and (2,3).

2y =T7Tx+2
7y =2x-3

3X-5y=7
10x+6y =12

2
31. Find the equation, in standard form, of the line parallel to y = §X —1 and passing through

the point (3,—1) )

1
32. Find the equation, in standard form, of the line parallel to y = —g X+ 7 and passing through

the point (— 10,—3).

5
33. Find the equation, in standard form, of the line perpendicular to y = —7 X + 3 and passing

through the point (15,2).

3
34. Find the equation, in standard form, of the line perpendicularto y = ZX —11 and passing

through the point (9,2).

35. Find the equation, in standard form, of the line passing through the point (12,—1) and

perpendicular to 3Xx—5y =25.

36. Find the equation, in standard form, of the line passing through the point (0,—3) and parallel

to X—5y =75.



37.

38.

39.

40.

41.

42.

43.

44,

45,

46.

47.

48.

2
Find the equation, in standard form, of the line passing through the point (— g ,7j and

parallel to 3X—y =6.

1
Find the equation, in standard form, of the line passing through the point (E,3j and

perpendicular to X —2y =16.

1 2
Find the equation, in standard form, of the line passing through the point (5,—g] and

perpendicular to X =—2.

7 2
Find the equation, in standard form, of the line passing through the point (E’_Ej and

perpendicular to y = 3.

Find the equation, in standard form, of the line parallel to y =1.3X+1 and passing through
the point (— 5,—1).

Find the equation, in standard form, of the line perpendicular to y =1.5X—2 and passing
through the point (— 6,3).

Find the equation, in standard form, of the line perpendicular to y =—1.2x + 3 and passing
through the point (5,—1).

Find the equation, in standard form, of the line parallel to y = 3.5X —7 and passing through
the point (7,3).

Find the equation, in standard form, of the line perpendicular to 5X — 7Yy =14 and passing
through the point (— 1,7).

Find the equation, in standard form, of the line parallel to 3Xx —4y =12 and passing through
the point (5,—2).

Find the equation, in standard form, of the line parallel to y = 2X —5 with the Y -intercept as

2
=—X+7.
y 3

Find the equation, in standard form, of the line parallel to X —3y = 6 with the same y-

interceptas Yy = %X -11.



49,

50.

51.

52.

53.

54.

55.

56.

Find the equation, in standard form, of the line perpendicular to 3x —5y =4 with the same
X -intercept as 2X—3y =6.

Find the equation, in standard form, of the line perpendicular to 2X —7Yy =1 with the same X
-intercept as 3x+5y =15.

Find the equation, in standard form, of the line perpendicular to and with the same x-intercept
as 5x — 3y = 15.

Find the equation, in standard form, of the line perpendicular to and with the same x-intercept
as 3x + 4y =12,

Find the equation, in standard form, of the line that is perpendicular to and with the same y-
intercept as a line with x-intercept of (-1, 0) and y-intercept of (0, 2).

Find the equation, in standard form, of the line that is parallel to the line with x-intercept of
(-4, 0) and y-intercept of (0, -3), and has a y-intercept of Ya.

Is the triangle with vertices (—2,3), (3,3), and (2,1) a right triangle?

Is the triangle with vertices (~1,—1), (4,1), and (2,4) a right triangle?



